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Abstract. We prove that any n-dimensional complete gradient Ricci soliton with pinched 
Weyl curvature is a finite quotient of R", R x S"~^ or S". In particular, we do not need to 
assume the metric to be locally conformally flat. 



1. Introduction 

In this paper we classify complete gradient shrinking Ricci solitons satisfying a pointwise 
pinching condition. We recall that a complete Riemannian manifold {M'^,g) is a gradient 
Ricci solitons if there exists a smooth function / on M" such that 

Ric + V^/ = Xg 

for some constant A. The Ricci soliton is called shrinking if A > 0, steady if A = and 
expanding if A < 0. Ricci solitons play a fundamental role in the formation of singularities of 
the Ricci flow, and have been studied by many authors (see H.-D. Cao [T] for a nice overview). 

In recent years much attention has been given to the classification of complete gradient 
shrinking solitons, in particular in dimensions n = 3 (Ivey [S] for the compact case and 
Perelman jl3) . Ni-Wallach [T5] and Cao-Chen-Zhu [2J for the complete case), in dimension 
Ti = 4 (Ni-Wallach and Naber [lOj). as well as in the locally conformal flat case when n > 4 
(Ni-Wallach [12) . Petersen- Wylie [14| and Z.-H. Zhang [U]). In all three cases, the proofs 
depend on the crucial fact that the shrinking soliton under the consideration has nonnegative 
curvature operator. Notice that this condition is automatically satisfied when n = 3 (B.-L. 
Chen [3]) or when the shrinker is locally conformally fiat (Z.-H. Zhang \17j). However, when 
n > 4 one cannot expect that in general a complete gradient shrinking soliton has nonnegative 
curvature operator (or even nonnegative Ricci curvature). 

In this paper we will generalize the previous results concerning the classification of complete 
gradient shrinking Ricci solitons to the case when the Ricci tensor is nonnegative and a very 
general pinching condition on the Weyl tensor is in force. In particular we will not assume 
the soliton metric to be locally conformally flat. 

To fix the notation we recall that the Riemann curvature operator of a Riemannian manifold 
{M^,g) is defined as in [6J by 

Riem(X, Y)Z = Vy^xZ - Vx^yZ + V^xy]Z ■ 

In a local coordinate system the components of the (3, 1)-Riemann curvature tensor are given 
by R'jfc^ = Riem(^, ^)-£jt and we denote by Rijki = gip^^ijk its (4, 0)-version. 
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In all the paper the Einstein convention of summing over the repeated indices will be 
adopted. 

The Ricci tensor Ric is obtained by the contraction Rj^ = g^^Hijki, R = g^^^k wih denote 

o 

the scalar curvature and Ric = Ric— ;^R g the traceless Ricci tensor. The so called Weyl tensor 
W is then defined by the following decomposition formula (see [6l Chapter 3, Section K]) in 
dimension n > 3, 

Wa6cd = Ra6cd + (n-lj(n-2) idacQhd — gad9bc) — ■:;^{^acgbd — ^adQbc + ^bdQac — ^bcQad) ■ 

Now we can state our result 

Theorem 1.1. Any n-dimensional complete gradient shrinking Ricci soliton with nonnegative 
Ricci curvature and satisfying 

|W|R < .f^^^f |Ric|-^J rV (1.1) 

' ' - V n-2 V J 

is a finite quotient o/M", M x §"^1 or S". 

Remark 1.2. The pinching (jl.ip is trivially satisfied in dimension three, since the Weyl tensor 
vanishes, whereas if n > 4, it generalizes all the previous results concerning locally conformally 
flat gradient shrinkers. Moreover this condition does not imply a priori the nonnegativity of 
the curvature operator. 

Remark 1.3. As we will see in the proof, the condition on the Ricci curvature can be relaxed 
to an estimate of the type |Ric| < cR^"*"", for some constants c > and a > 0. In particular 
we do not need to assume a priori any kind of positivity on the Ricci curvature. 



2. Proof of Theorem 11.11 

We recall the following formulas (for the proof see Eminenti-La Nave-Mantegazza [5J) 
which will be useful in the rest of this section 

Lemma 2.1. Let {M^,g) he a gradient Ricci soliton, then the following formulas hold 

AR = (VR,V/) + 2AR-2|Ricp (2.1) 

ARifc = (VR,fe, V/) + 2ARifc - 2WijHR^' (2.2) 
+ (n-iXn-2) {^^9ik " nRRifc + 2(n - l)RijRfc - (n - l)\Ric\^gik) ■ 

It is well known that a complete gradient shrinking Ricci soliton has nonnegative scalar 
curvature (see B.-L. Chen [3]). On the other hand, due to the geometric properties of gradient 
shrinkers, we know that either R > or the metric g is flat (see Pigola-Rimoldi-Setti [15} 
Theorem 3]). 

Hence, from now on we can assume the scalar curvature of g to be strictly positive. 
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Proposition 2.2. Let {M'^,g) be a complete non-flat gradient shrinking Ricci soliton. Then 
the following estimate holds 

A ( ^] > (V {^^) , V/ - VlogR2) + A I RV^.R,, - R,fe V,R|2 



4 



iRicr iRic 



1 r] -RWi,fciR'*^R^' 



Proof. From Lemma |2.H one can easily compute 

AR2 = (VR^V/) + 2|VRp + 4AR2-4R|Ricp 

and 

A|Ricp = (V|Ricp,V/) + 2|VRicp + 4A|Ricp -4Wi,-HR'^'R-''' 



+ 



(n-l)(n-2) 



R^ - (2n - l)R|Ric|^ + 2{n - l)RijR^'=R*;^ 



where we have used the fact that WyfeiR^'^R-^^ = Wjjfc/R^'^R-'', since all the traces of the Weyl 
tensor vanish. Thus, we obtain 



|Ric|- 



(V 



Rirr\ 2 

j , V/ - V log R2) + I R V,R,,. - R,fc VjR |2 



(2.3) 
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R3 



+ — ( P-RW,jfc;R^'^R-'' 



where 
P = 



1 



(ra-l)(n.-2) 

We will show that 



R^ - (2n - l)R2|Ric|2 + 2(n - + (n - l)(n - 2)|Ric|^ 



P > IRicr IRic 



R 



with equality if and only if either Ric = or |Ric| 



R. 



o 

Using the fact that Rj^ = Rjfc — -R^fj^, one has the formula 



R,,R^'^R\ = RijR^'4\ + f R|Ric|2 - ^R^ 
By applying the well known estimate (for the proof see, for instance, Huisken [HI Lemma 2.4]) 



o o . . o 



R,:tR-''^R*^ > 



"-2 |Ric|3, 



\/n{n-l) 



we obtain 



Ri,R^*^R\ > ^2^|R°icP + ^RlRicP - ^R^ , 



(2.4) 
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with equality if and only if either Ric = or iRicI = . R. Using inequality (j2.4p and 

^(n(n-l) 

o 

the fact that |Ricp = |Ricp + ^R^, from the definition of P, we get 



((n - l)(n - 2)|Rlcr - '-^^^^R\mc\^ + ^R^ |Ric|^) 



\Ric\^ f IRicI - -r= R 

V"("-i) 

The proposition now follows from equality 

□ 



Now, let h = /— logR^. Following the notation in Petersen- Wylie |14j . from Proposition l2.2 
we get that, if g is non-flat, then 

2 



^'^( R^ 



|Ric|2 f IRicI - -r= R ) - RWiikiR'^R^^ 



where Ah = A — Vvh- In order to estimate the term involving the Weyl curvature, instead of 
using the Cauchy-Schwarz inequality, we recall this refined inequality which was first proved 
by Huisken [8^, Lemma 3.4] 

Lemma 2.3. We have the estimate 



o ,, o 



|W.,.,R^'=R^-'| < y^^5^|W||Rlcp. 
Hence, from this inequality and the pinching assumption (jl.ip . one has 



2 



iRicp |Ric| - -r^ R - R Wi,fciR*''R^' > . 

Thus, we have proved that 

o o 

where h = f — logR^, with equality if and only if either Ric = or |Ric| = . ^ R. We are 

y/n{n-l) 

now in the position to apply a Liouville type theorem proved by Petersen- Wylie \14:\ Theorem 
4.2] (see also Naber [10] ) 

Theorem 2.4. Let {M^,g) he a manifold with finite h-volume: f e~^dVg < +oo. If u is a 
smooth function in L'^{e~^dVg) which is bounded below such that A^u > 0, then u is constant. 

To apply this theorem to the function u = ' with h = f — log R , we have to check that 

f dVg = f e'f dVg < +oo 
Jm Jm 

and 

iRicI^ f iRici^ 



e-^dVg = / i-J-e-fdVg < +00, 
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Since, by assumption, g has nonnegative Ricci curvature, we have that |Ric| < R. Hence, 
to estimate the above integrals it is enough to prove that R G LF' {e~ ^ dVg) . To this aim, we 
recall that H.-D. Cao and D. Zhou [3j have proved that for any fixed origin p G M", there 
exist two positive constants ci and C2 so that, for every q G M", we have 

\Hq)-Cif < f{q) < l{r{q) + c,)\ 
where r{q) = dist{q,p), and 

for sufficiently large p. Moreover, from the well known equation satisfied by gradient shrinking 
solitons (see Hamilton [7]) 

R + |V/p-/ = const 
we can estimate the scalar curvature with / to conclude that 

/ R2 e-^ dVg < +00 . (2.5) 

As we have observed in Remark 11.31 to get the integrability conditions, it is sufficient to 
assume |Ric| < cRi+°, for some constants c > and a > 0, since on any gradient shrinking 
solitons, the scalar curvature R G LP{e~^ dVg), for every 1 < p < 00. 

Thus, Theorem 12.41 implies that is constant, and from the proof of Proposition [221 we 

o 

get that g is either Einstein or satisfies iRicI = . ^ R. Now, the pinching assumption (II. ID 

-y/n(n-l) 

implies that either g is Einstein or has zero Weyl tensor. 

o 

In the first case, since Ric = 0, we have that M" is compact. Moreover, from the pinching 
condition we get that jWp < -,^--|^^--^r2 < _^ 

-i){n-2){n+i)^ 1 which imphes that 
g has positive curvature operator (see Huisken [Si Corallary 2.5]). Hence, from a theorem of 
Tachibana [16j we conclude that g has constant positive sectional curvature and {M"^,g) is a 
finite quotient of S". 

On the other hand, if the Weyl tensor of g vanishes, from the classification of locally 
conformally fiat gradient shrinking solitons we obtain that if g is non-fiat and non-compact, 
then it must be a finite quotient of M x S""^. 

This concludes the proof of Theorem 11.11 
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